ON THE FEKETE-SZEGO INEQUALITY FOR CERTAIN CLASS 
OF ANALYTIC FUNCTIONS 
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Abstract. In the present investigation, we derive Fekete-Szego inequality for 
the class S'cg (0), introduced here. In addition to that, certain applications of 
our results are also discussed. 



1. Introduction 
Let A denote the class of functions of the form 

oo 

(i) /(*) = *+ xx*", 

n=2 

which are analytic in the unit disc V :— {z E C : \z\ < 1}. Further let S denote 
the subclass of A consisting of univalent functions. Assume that 4> is an analytic 
function with positive real part in the unit disc U with </>(0) = 1 and <f>'(0) > 0, 
which maps the unit disc U onto a region starlike with respect to 1 and symmetric 
with respect to the real axis. 

For any two analytic functions / and g, we say that / is subordinate to g or g is 
superordinate to /, denoted by / -< g, if there exists a Schwarz function w with 
^ \ z \ such that f(z) — g(w(z)). If g is univalent, then / -< g if and only if 
/(0) = g(0) and /(U) C g(U). A function p(z) = 1 + p x z + p 2 z 2 + ... is said to be 
in the class V if Rep(z) > 0. 

Let S* (4>) be the class of functions f € S satisfy 

ffl^) (*eU) 
/(*) 

and C(4>) be the class of functions / e S satisfy 

zf"(z) 

1+ 7^r^ 0(z) (zeU) ' 

these classes were introduced and studied by Ma and Minda [1] . Note that S* ( ) = 
S* and C(-j-rf) =: C are the well known classes of star like and convex functions re- 
spectively. 

If / € A is given by ([1]) and g E A is given by 
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(2) g(z) = z + Y,b n z n , 

then the Hadamard product (or convolution) / * g of / and g is defined by 

oo 

(/ * g)(z) :=z + Y, a ^ z " - (-9 * /)(*)• 

n=2 

In 1933, M. Fekete and G. Szego [2] obtained the sharp bounds for \a 3 — /xa|| as a 
function of real parameter fj, and proved that 

|o§ — A*o 3 | < l + 2exp(--^-J (0<^<1), 



for functions belonging to the class S. Later the problem of finding the sharp 
bounds for the non-linear functional 03 — //all of any compact family of functions 
/ G A is known as the Fekete-Szego problem or inequality. In the recent years 
several authors have investigated the Fekete-Szego inequality for various subclasses 
of analytic functions [71 151 H~2l ITS] . 

In the present investigation, we obtain the Fekete-Szego inequality for functions 
belonging to the class S^, (<fr), defined here. Applications of our main results are 
also discussed. In fact we generalize many earlier results in this direction [31 21 [5] . 

Definition 1.1. Let f,g € A are respectively given by ([TJ) and ([2j). We define the 
convolution operator J£ g by 

S? B (f(z)) :=f(z)*g(z). 

We note that the operator ^£ g unifies many earlier linear operators for a suitable 
choice of the function g(z). Some are listed below: 

(1) If g(z) = J2^Lo j7M ~ T^JT' tnen tne °P era t° r coincides with the 
Dziok-Srivastava p] linear operator H' ,m [ai]. 

(2) If g(z) = ( 1 _^)r.+i i then S£ g reduces to D n , where D n is the Ruscheweyh 
derivative operator [9]. 

(3) For g(z) = z + J2^=2 (f+x) z ™' * ne P era t° r -^g reduces to the operator 
Ii(r, A), defined by Sivaprasad et al. [TTj . 

(4) For g(z) = z + J2n=2 ^Tn$BjiT^ zn > the operator ££ g coincides with the 
fractional derivative operator f2 , defined by Owa and Srivastava [14] . 

Definition 1.2. Let a be a complex number. A function / 6 A of the form (JTJ) is 
said to be in the class (</>) if it satisfies 

(3) **(/)(*) ~< 

where 

*,(/)(*) :=! + 



z^(f(z)) zJ??(f(z)) (l-a)z^>>(f(z)) + zJ?i(f(z)) 
' r J? g (f(z)) + JSf'(/(z)) (l-a)z^'(/(z)) + aJSf fl (/(z)) 



and JSf fl (/(«)) :=f{z)*g(z). 
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Remark 1.3. For g(z) = j^, we have S% (<f>) = S*(<f>) and S]g{<j>) = C(<f>). 

Remark 1.4. If we take g(z) = z + 'Y^ =2 nm i then the operator ^£ g reduces to 
the Salagean [TO] differential operator T> m defined by 

oo 

V m f(z) = z + n m a n z n , m G {0, 1, 2,3,.. .}. 

n=2 

Further, if we set <f>(z) — and g — z + Y^=2 n™ 1 ?™ m the above Defini- 
tion [OJ then the class (</>) reduces to the class HS^ (a), recently introduced 
by Raducanu |S]. Raducanu in fact investigated the relationship property between 
the classes 'H<Sj n (a) and S* and obtained the Fekete-Szego inequality for the class 
HS* m (a). 

We need the following Lemmas to prove our main results: 
Lemma 1.5. g] Ifpi(z) = 1 + c\z + c 2 z 2 + ...£?. T/ien 



-4w + 2 if v <0; 
\c2-vc\\< { 2 if 0<v < I; 

Av-2 if v > 1. 

When v < or v > I, equality holds if and only if pi(z) is (l + z)/(l — z) or one o/ 
its rotations. IfO < v < 1, then equality holds if and only ifpi(z) is (l + z 2 )/(l — z 2 ) 
or one of its rotations. If v = 0, equality holds if and only if 

or one o/ its rotations. While for v = 1, equality holds if and only if p\(z) is the 
reciprocal of one of the functions such that equality holds in the case of v — 0. 

Although the above upper bound is sharp, it can be improved as follows when < 
v < 1: 

\c 2 - vc\\ +w|ci| 2 < 2, 0<v<\ 



and 



\c 2 - vcl\ + {1 - v)\ Cl \ 2 <2, 2 <<y - L 



Lemma 1.6. [7] If p\(z) = I + C1Z + C2Z 2 + . .. 6?. Then for any complex number 

|c 2 - «c?| < 2max{l; |2« - 1|} 
and the result is sharp for the functions given by 

I \ 1 + z2 a / \ 1 + z 
Pi{z) = - x and pi(z) = - . 

1 — z l 1 — z 

Lemma 1.7. [6] If the function pi(z) = 1 + c\z + C2Z 2 + ...£?. Then 

(1) |c»| <2 /orn>l, 

(2) |c 2 -I c 2 |<2-^. 
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2. The Fekete-Szego Inequality 

We begin with the following result with a coefficient estimate for the class of func- 
tions / G S% g {<j>). 

Theorem 2.1. Let g{z) be given by flp with b 2 , b 3 non zero real numbers. Assume 
that a > and cj)(z) = 1 + B x z + B 2 z 2 H . If f G S%, {4>), then 

(5) W\ < U " 



{l + a)\b 2 



and for any real number /z 
(6) 



_B] ( B2 _ (a 2 ~ia~l)B 1 _ 2 t j.(2a + l)B 1 b 3 \ . f ^ . 



2(2a 

|a3-Mfl2l< < ( 2(2a+l)|b 3 l if ai ~ V ~ CT2; 



(2a+l)|b 3 | V P+^P + (1+aVb'i Bl) 11 ^^2, 



where 



and 



_ = {l + afbl (Eh _ (a 2 - 4a - l)B 1 _ 
Ul : 2(2a + 1)5x63 \Bi (1 + a) 2 

(l + a) 2 6 2 A , B 2 (a 2 - 4a - 1)^ 
^2 := 7777; — 1 \ 7-. 1 1 + t; — 



2(2a + l)5i6 3 V Si (1 + a) 

The inequality (JSJ is sharp. 

Proof. Let / G (</>) and 

_ g^CfW) g^Cf(f)) _ (l-a)z 2 ^;(/(z)) + z^(/(z)) 

^im) (l-a)zJ?>(f(z))+aJ? g (f(z)) 
= 1 + d lZ + d 2 z 2 + ■ ■ ■ . 
A simple computation shows that 

Zj?>(f(z)) 1 2-2 



£ tff z \\ - l + a 2 b 2 z+ [2a 3 b 3 - a 2 b 2 ]z +..., 
= 1 + 2a 2 & 2 z + [6a 3 6 3 - ^a 2 2 b 2 2 \z 2 + 



and 

(1 - a)z 2 ^f''(f(z)) + z&'{J(z)) 

y - ' = l+(2-a)a2^+[(6-4a)a 303 -(a-2) 2 a & ]; 

(1 - a)z^(f(z)) + a^g(f(z)) 

Substituting these values in ([7]), we have 

(8) di = (l + a)a 2 fe 2 
and 

(9) d 2 = 2(2a + l)a 3 o 3 + (a 2 - 4a - l)a 2 2 b 2 2 . 
Since <fi is univalent and p -< <fi, the function pi(z) defined by 

(10) p 1 (z)= ) + ^l i ^ Z \\ =l + c 1 z + c 2 z 2 + ..., 

1 - (j>-^{p{z)) 
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is analytic with positive real part in the unit disc U. Further from (|10|). we have 
M x ( Pi( z ) - 1" 



Pi(«) + 1 

ciz + c 2 z 2 + 
2 + c\Z + c 2 z 2 - 



1 

1 + -Biciz 



1 



Thus, we have 

(11) 
and 

(12) 
From 
(13) 



Mc 2 - -4) + -B 2 ci 



z 2 + 



1 



:B 2 C?. 



and ([H]), we have 



a 2 = 



Bid 



2(l + a)6 2 



Similarly from and (IT21 . we obtain 



(14) 



[2Bi(c2 - |cf) + B 2 c 2 ](l + a) 2 - {a 2 - Aa - l)B 2 c 2 



8(2a + l)(l + a) 2 6 3 
The inequality (|5|) now follows from (fT3"|) and the first part of Lemma 11.71 
By using (flT?)) and (Ibfj) . we have 



(15) 
where 



a 3 - fia 2 



B l 



4(2a + 1)6; 



■[c 2 



1 

V:= 2 



! B 2 { (a 2 - 4a - l)Bi , 2^(2a + l)Bi& 3 



Bi 



(1 + a) 2 



(l + afb 2 



If [i < o\ , then an application of Lemma 11.51 gives 

Bi ( B 2 (a 2 -4a-l)Bi fi(2a + l)Bi& s 



|<I3 - M« 2 | < 



(1 + a) 2 



(1 + a) 



2(2a+ 1)]6 3 | \Si 
which is the first part of assertion (|6|). 

Next, if /i > <7 2 , then by applying Lemma 11.51 we can write 

Bi ({a 2 -4a-l)Bi , /i(2a+l)Bi& 3 B 2 

" ~ bT 



|03 - M« 2 | < 



2(2a+l)|6 3 | V (1 + a) 2 
which is the third part of assertion ([5]). 



{l + afb 2 



If /i = <7i, then equality holds if and only if pi(z) is given by Q or one of its 
rotations. 



If /i = cr 2 , then 
1 
2 



B 2 (a 2 -Aa- l)B x 2/i(2a + l)Bi& 3 



Bi 



(1 + a) 2 



(1 + a) 2 6 2 



1. 
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Therefore, 

1 _(l+i\l+z ( fl-j\l-z 
Mz) = \ 
Finally, we see that 

2 B i 
a 3 -fm 2 = 



4(2a + l)6 3 
Therefore using Lemma 11.51 we get 



(0 < 7 < l,z e U). 



. ,,, B 2 (a 2 -4a-l)Bi 2^(2a + l)Bi& 3 



Bi (1 + a) 2 (l + a) 2 6 2 



|a3 ' /ia2| - 2(2« +1)1631 



PiW = T-T72 (0<A<1) 



If err < /x < (72) then we have 

1 + Az 2 
l-Az 2 

By an application of Lemma [T~5l we obtain our result. To show that the inequality 
(j6j) is sharp, we define the functions (n = 2,3,4, ...) by 

V g (K^)(z) = ^(z"- 1 ) (K+»(0) = = (JT^)'(O) - 1) 

and the functions G 7 and if 7 (0 < 7 < 1) by 

* s (G 7 )(z) = f ^ + 7) N ) (G 7 (0) = = (G 7 )'(0) - 1) 



1 + 72 



and 



It is clear that the functions (n = 2,3,4, ...),G 7 and ff 7 (0 < 7 < 1) are in 
the class S^, (<fi) . In either cases /1 < o\ or /1 > (T2 , the equality holds if and only if 
/ is K^ 2 or one of its rotations. When <j\ < /i < 02 the equality occurs if and only 
if / is K^ 3 or one of its rotations. If /i = cr\, then the equality holds if and only if 
/ is G 7 or one of its rotations. If /j = 02, then the equality holds if and only if / is 
H 1 or one of its rotations. □ 

Remark 2.2. Using Lemma 11.51 the result can be improved when o\ < /1 < 02 as 
follows: 

Let 

_ (1 + afbl (Eh (a 2 -4a- 1)B 1 
° 3 : ~ 2(2a + l)Bi6 3 \~B~i (1 + a) 2 

If ax < fi < 03, then 

|fl3 - /ia2l + 2( 2a + l) Bl \b 3 \ (1 + a) 2 + (l + a) 2 fe 2 )H 

< * 

" 2(2a + l)|6 3 | 

and if 03 < /1 < ct 2 i then 

a , , (l + a) 2 bj ^ , £? 2 (a 2 - 4a - 1)^ 2^(2a + Ljgifcg \ ,. 
|a3 " /ifl2l + 2(2a + 1)^1631 + ^ (1+^ (l + a) 2 6 2 ' H 



< 



2 
Si 



2(2a + l)|6 3 | 



ON THE FEKETE-SZEGO INEQUALITY 



7 



Proof. For the values of o~\ < /i < (73 , we have 

I _ 21 1 (l + «) 2 frl A ^2 (o 2 -4a-l)g 1 2^/(2. ~j~ l)_£? x^3 ^\ 1 |2 
|fl3 /i02l+ 2(2a + l)B 1 |& 3 | V £i (! + «) 2 (l + «) 2 &i 

= |a 3 - Mail + (M - o"i)|a2| 2 
St 



< 



4(2a + l)|6 3 
Si 



±— -r— [| C2 -vcl\ +v\ci\ 2 



2(2a + l)|6 3 | 
Similarly, if (73 < j.i < o~ 2 , then 



2| (l+a) 2 b| ^ , -B 2 (a 2 - 4a - 1)B 1 2 i< (2a+l)i3i&3\ 2 

|a3 - /ia2 ' + 2(2. + i) Bl |6 3 | I 1 + % {TTaY ) |a2 ' 



\a 3 - [ial\ + (o- 2 - v)\a 2 \ 2 

\c 2 - vcj\ + (1 - v)\ Cl \ 2 



B\ 1 



< 



4(2a + l)|6 3 | 



2(2a + l)|6 3 | 

Thus the proof is complete. □ 

Remark 2.3. If we set a = 1 and = z/{\ — z) in Theorem 12.11 then we have 
the result [H Theorem 3] of Ma and Minda. 

Remark 2.4. By setting a = and g(z) = z/(l — z) in Theorem 1 2. 11 we obtain the 
result of Murugusundaramoorthy et al. [FJ Corollary 2.2]. 



Using Lemma [L6I and equation (fT5|) . we deduce the following: 

Theorem 2.5. Let g(z) be given by 0) with 62,63 non zero real numbers. Assume 
that a > and (j)(z) = 1 + B\z + B 2 z 2 + • • • . If f € 5^ (</>), iften /or any complex 
number 



|fl3 - 2(2a + 1)1631 ma ^ 1: 



2^(2a + l)Bi6 3 (a 2 -4a-l) J Bi B 2 
(l + a) 2 6 2 + (1 + a) 2 ^ 



3. Applications 
A few applications of our main results are discussed here. 

Definition 3.1. [13] Let f{z) be an analytic function in a simply connected region 
of the complex plane containing the origin. The fractional derivative of order 8 is 
defined by 

where the multiplicity of (z — t) A is removed by requiring that log(z — t) is real for 
(z-t)> 0. 
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Using the above Definition l3.1l and its extensions involving fractional derivatives and 
fractional integrals, Owa and Srivastava [M] introduced the operator tt s : A — > A 
defined by 

(n s f)(z) = r(2 - S)z 5 D s J(z), 5 ± 2, 3, 4 • • • . 

If we take g[z) = z + ^^2 rF^fT^^ z " ^ n Theorem 12.11 then we obtain the 
following: 

Corollary 3.2. Let a > and <f>(z) = 1 + Biz + B 2 z 2 + ... . If f G <S£ (0), toen 

(2 - ^Br 

and for any real number fi 

(2-S)(3-S)B! ( B 2 (a 2 -4a-l)Bi 3p(2a+l)(2-^)B 1 \ ^ < ^ . 



12(2a+l) (1+a) 2 (l+a) 2 (3-<5) 

(2-<5)(3-<5)Bi f ( a 2 -4a-l)B 1 3 f i(2 a +l)(2-8)B 1 B 2 \ 

12(2a+l) ^ [1+3? 1 (l+ Q )i(3-5) STj VM^ ct 2, 

w/iere 

(l + a) 2 (3-(5) /gg (a 2 - 4a - l)ffi j 
CTl :_ 3(2 - 5)(2a + 1)-Bi \£?i (I + a) 2 

and 

= {l + a) 2 {3-S) f Eh _ {a 2 - 4a - 1 
172 ' (2 — <5)(2a + l)Bi \ B\ (1 + a) 2 

T7ie result is sharp. 



From Theorem 12.11 and Remark |2.2[ we deduce the following: 

Corollary 3.3. Let g(z) be given by @) with b 2 , & 3 non zero real numbers. Assume 
that a > and -1 < D < C < 1. /// G ^(i±gf ), i/ien 

C-D 

M < 



(l + a)M 
and for any real number fi 

! D-C f nM (a 2 -4a-l)(C-J>) 2 M (2a + l)(C-D)fc 3 \ ., . . 

2(2a+l)|b 3 | [T+^P + (1+a) 2 ^ J « ^ — 1; 
2(2a+l) ) |b3l «/ ^1 < M < ^2/ 

C-£> I (a 2 -4a-l)(C-n) 2 M (2a+l)(C-g)fc 3 \ ., ^ 
2(2a+l)|b 3 | ^ + (T+^P + (l+a) 2 6 2 J V^>^, 

where 

(l + afbl f (a 2 -4a-l)(C-D) 
ai ' 2(2a + l)(D-C)6 3 V (1 + a) 2 

and 

^ (l + «) 2 ^ A g (a 2 — 4a — 1)(C - £?) 



2(2a + l)(C-£>)6 3 V + 
TTie result is sharp. 
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Remark 3.4. The result can be improved when o\ < /i < o~2 as follows: 
If £7i < fi < (T3, then 

2| , (l + a) 2 6i f lin , (a 2 -4a-l)(C-.D) 2 M (2q + 1)(C - D)b 3 



las ~^ l + 2(2a + l)(C-D)\b 3 \ [ 1 + D+ (TT^ ! O + oFbl 

< C - D 
~ 2(2a + l)]6 3 ] 

and if 03 < /j < o~2, then 

.a, , (l + a) 2 &l A n (a 2 -4a-l)(C7-D) 2 m (2q + - D)fe 3 



,as Ma2, + 2(2a + l)(C-D)|& 3 | I 1 ° (1 + a) 2 (1 + 

< 

- 2(2a + l)|6 3 | 

where 

(1 + «) 2 6l / , (a 2 -4a-l)(C-#) 



a3 1 2(2a + l)(D - C)b 3 \ D ' (1 + a) 2 

By taking £) = — 1 and C = 1 in the above Corollary 13.31 we obtain the following: 

Example 3.5. Let a > and g(z) be given by with 02, 63 non zero real numbers. 
IffGS^C^then 

and /or any reaZ number fi 

if A* < o"i ; 





f 3+10a-a 2 




(l+a) 2 |6 3 | 
1 


V 2a+l 




(2a + l)|f> 3 | 


/ a 2 -10a-3 




(l+a) 2 |b 3 | 


V 2q + 1 





|0 3 - Mall < <( (2« + l)|fc 3 | */ ^1 < A* < ^2/ 

*/ A* > CT 2, 



(l + 4a-a 2 )o 2 (3a+l)6 2 

(Ti := - — H-^- and a 2 ■= -. r^- 

2(2a + l)6 3 (2a + 1)63 

The result can be improved when a\ < /1 < &i as follows: 
If o~i < fi < 1T3 , then 

2 b\ f a 2 -4a-l 2fib 3 \ , 2 1 
|a 3 - Ata 2 l + 77TT7 — S — r - ; h_ T2— IH ^ 



2|6 3 | V 2a + 1 6| / (2a + l)|6. 



and «/ CT3 < /i < o"2 , f/ien 



1*3 - /w 2 + in —7TT - "To" |a 2 | < 



|6 3 | V2a + 1 6| y ' ' " (2a + l)|6 3 |' 
w/iere 

_ (3 + 10a - a 2 ^ 2 . 
CT3 : ~ 4(2a + l)6 3 ' 

T7ie result is sharp. 

Remark 3.6. We obtain the result of Raducanu [8j Theorem 2] by taking 

00 

g{z) = z + n m z n (me {0,1,2,3,...}) 

n=2 

in the above Example 13.51 
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Remark 3.7. Setting a — and g(z) = in the Example 13.51 we obtain the 
following result |12) : 

If / e S*, then 

|0s| < 2 

and for any real number /x 

( 3-4^x if /x < |; 

|a 3 -A*fl2l < < 1 if | < M < 1; 

[ 4tx- 3 if /x > 1. 

The result can be improved when ^ < /i < 1 as follows: 
If | < A* < |) then 



l«3-Ma2l + ^(2/J-l)H 2 < 1 



and if | < /x < 1, then 



\a 3 - fial\ + (1 - n)\a 2 \ 2 < 1. 

Setting a — 1 and = j£— in the Example 13.51 we have the following result: 
Let / € C, then 

M < i 

and for any real number [i 



2. 

\a 3 -v4\ < { § if | <M< |; 



1 — /x if /x < ^; 



3 3 _ _ 3 , 

4 
3 ■ 

The result can be improved when | < /x < | as follows: 
If | < M < !> then 

|a 3 - /^al| + |(3 M - 2)|a 2 | 2 < ^ 

4 



and if 1 < fi < 3 , then 



|a3-A*^| + i(4-3/x)|a 2 | 2 < ^ 



Taking 0(z) = ±±§§, -1 < D< C < 1, in Theorem^ we deduce the following: 

Corollary 3.8. Let a > and g(z) be given by with 62,63 non zero real num- 
bers. If f € S'ig ( }|^ ), then for any complex number /1 

2/x(2a + l)(C-L>)6 3 {a 2 - Aa - 1){C - D) 



|a3 -^ |£ 2(2a + l J )|b 3 r aX ^ l: 



(l + a) 2 ^ (1 + a) 2 



Remark 3.9. If we take = z + 5Z^_ 2 x9 = — 1 and C = 1 in the above 

Corollary 13. 81 we have the following result [5J Theorem 3] of Raducanu: 

Let a > 0. If / G HS* n (a), then for any complex number /x 

2| 1 f |2 2m - 1 (a 2 -10a-3) + 2.3 m (l + 2a)/x|l 
03 — /xa 9 < ; - max < 1; - — r-r > . 

P 2 " 3 m (l + 2a) I ' 2 2m - 1 (l + a) 2 
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Remark 3.10. If we set D = —1,C = 1 and g{z) — in Corollary 13. 81 then for 
a = 0, we have the following result [3J Theorem l](see also [12]): 

Let / E S* . Then for any complex number /i 

I&3 — [ia\\ < max{l; |4/z — 3|} . 

Setting a = 1,D = — 1,C = 1 and g(z) — in Corollary 13. 8[ we obtain the 
following result 0| Corollary 1] due to Keogh and Merkes: 

Let / 6 C, then for any complex number /i 

\a 3 -fiaj\ <max{-;|/i-l|l. 
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